Abstract. We show that the Castelnuovo-Mumford regularity of the canonical or a deficiency module of the quotient of a polynomial ring by a monomial ideal is bounded by its dimension.
Introduction
Let R = k[x 1 , . . . , x n ] be a standard graded polynomial ring over a field k and m = (x 1 , . . . , x n ) the homogeneous maximal ideal of R. In this paper, we study the Castelnuovo-Mumford regularity of the modules Ext m (R/I) in negative degrees, unless it has finite length, one can, using the local duality theorem of Grothendieck, obtain some information from Ext n−i R (R/I, ω R ). For a finitely generated graded R-module M , its (CastelnuovoMumford) regularity, reg(M ), is an invariant that contains information about the stability of homogeneous components in sufficiently large degrees. In light of these, it is desirable to get bounds on reg Ext i R (R/I, ω R ) . Such bounds were studied by L. T. Hoa and E. Hyry [HH06] and M. Chardin, D. T. Ha and Hoa [CHH09] ; see also the references in those papers.
Unfortunately, canonical and deficiency modules can have large regularity. For a finitely generated graded R-module M , known bounds for reg Ext It is an interesting problem to find a class of graded ideals I ⊂ R with optimal bounds for reg Ext i R (R/I, ω R ) . In this paper, we focus on monomial ideals. It follows from the theory of square-free modules, introduced by K. Yanagawa [Yan00] , that if I is a square-free monomial ideal then reg Ext 
We generalize these results in the following theorem:
The above conclusion need not hold, in general, without the assumption that I is a monomial ideal; see [CD03, Example 3.5].
Our approach to bounding the regularity of canonical and deficiency modules differs from that of Hoa and Hyry. We show that if I is a monomial ideal, then Ext i R (R/I, ω R ) has a multigraded filtration, called Stanley filtration, introduced by D. Maclagan and G. G. Smith [MS05] ; the bound on regularity follows from this filtration.
In the next section, we discuss some preliminaries on Stanley filtrations and local cohomology. In Section 3 we prove our main result.
Preliminaries
Hereafter we take R-modules to be graded by Z n , giving deg x i = e i , the ith unit vector of Z n . We call this the multigrading of R and R-modules.
We say that a is the degree of 
as R-modules. Note, in this case, that 
.
They imply that S is a Stanley filtration of M .
Let j = 1. We will show (0 : Now assume that j > 1 and that the assertion is known for all i < j. We first show (A). Let u be a monomial in k[G j ]. By the statement (B) for j − 1, the set ∪
. Since um j is an element of the basis of M coming from the Stanley decomposition, um j is not in the k-linear span of ∪
is square-free, it follows, from (2) and the ordering of the (m i , G i ), that
, proving the statement (A) for j. From (A), we see that the following sequence is exact: where R x Λ denotes inverting the monomial x Λ . Note thatČ
• is a complex of Z n -graded R-modules, with differentials of degree 0. For a finitely generated R-module M , we setČ
. We defineČ
• F to be the subcomplex ofČ
Lemma 2.4. Let I be a monomial ideal. Let F ⊆ [n] and a ∈ Z n be such that 
Proof of the main theorem
Lemma 3.1. Let I ⊂ R be a monomial ideal. Let a ∈ Z n and j ∈ Supp(a + ). Then the multiplication map
Proof. We first claim that the multiplication map 
